A mechanistic model, derived from kinetic theory, is developed to describe segregation in confined multicomponent suspensions such as blood. It incorporates the two key phenomena arising in these systems at low Reynolds number: hydrodynamic pair collisions and hydrodynamic migration.
The theory begins by writing the evolution of the number density of each component in the suspension as a master equation with contributions from migration and collisions. By making judicious approximations for the collisions, this system of integrodifferential equations is reduced to a set of drift-diffusion equations. We focus attention on the case of a binary suspension with a deformable primary component that completely dominates the collision dynamics in the system and a trace component that has no effect on the primary. The model captures the phenomena of depletion layer formation and margination observed in confined multicomponent suspensions of deformable particles. The depletion layer thickness of the primary component is predicted to follow a master curve relating it in a specific way to confinement ratio and volume fraction. Results from various sources (experiments, detailed simulations, master equation solutions) with different parameters (flexibility of different components in the suspension, viscosity ratio, confinement, among others) collapse onto the same curve. For sufficiently dilute suspensions the analytical form predicted by the drift-diffusion theory for this curve is in excellent agreement with results from these other sources with only one adjustable parameter. In a binary suspension, several regimes of segregation arise, depending on the value of a "margination parameter" M. Most importantly, in both Couette and Poiseuille flows there is a critical value of M below which a sharp "drainage transition" occurs: one component is completely depleted from the bulk flow to the vicinity of the walls. Direct simulations also exhibit this transition as the size or flexibility ratio of the components changes.
Finally, some prior studies suggest a nonmonotonic dependence of margination propensity on volume fraction. We formulate a hypothesis regarding this observation. Theory predictions support the hypothesis, providing further insights into the mechanisms behind margination and segregation phenomena.
I. INTRODUCTION
Flow-induced segregation is ubiquitous in multicomponent suspensions and granular materials, including systems as disparate as hard macroscopic particles in air [1] , polydisperse droplet suspensions [2] , foams [3] , and blood. Of particular interest is blood flow. During blood flow both the white blood cells (WBCs) and platelets segregate near the vessel walls, a phenomenon known as margination, while the red blood cells (RBCs) tend to be depleted in the near-wall region, leading to a nonuniform distribution in flow -as indicated by the Fåhraeus, Fåhraeus-Lindqvist, plasma-skimming, and Zweifach-Fung effects -and consequently to the formation of a so-called cell-free or depletion layer [4] [5] [6] [7] [8] [9] . Margination is physiologically vital; for example, WBCs and platelets are needed near the blood vessel walls to respond to infection and for hemostasis. Engineering the margination process has been proposed for microfluidic cell separations in blood (e.g., [10, 11] ) as well as for enhanced drug delivery to the vasculature [12, 13] .
Blood is a multiphase and multicomponent suspension that is mainly composed of RBCs or erythrocytes, WBCs or leukocytes, and platelets or thrombocytes suspended in plasma. outnumber WBCs by 500:1 and 12-14:1 [14] . RBCs are 7.9 µm across, are highly flexible, and have a biconcave shape. WBCs are more rigid than RBCs and approximately spherical [15] . The WBCs we consider here have a radius of 1-2 times the radius of a RBC. Platelets are also more rigid than RBCs, have a diameter of 2-3 µm and discoidal shape under normal blood flow conditions. The distinctive physical properties of RBCs, WBCs, and platelets play a critical role in many important phenomena, such as margination and cell-free layer formation.
In vivo and in vitro studies have focused on characterizing WBC margination based on its dependency on shear rate, hematocrit (Hct), RBC aggregation, and channel width. Most studies have found that WBC margination is higher at low shear rates, characteristic of flow in venules, than at high shear rates, characteristic of flow in arterioles [6, 16, 17] . In the literature, there is yet to be a clear consensus on the dependency of WBC margination on Hct due to the difficulty of carrying out studies in the same system while systematically varying one parameter at a time. Goldsmith & Spain [16] found WBC margination to be higher at 20 % than at 40 % Hct in tubes of 100 µm in diameter. However, some studies have found a minimal effect of Hct on WBC margination at Hct < 45 %. Firrell & Lipowsky [6] observed that WBC margination was weakly affected at Hct < 45 %, while it increased at Hct > 45 % in vessels of 20-60 µm in diameter. Abbitt & Nash [18] also found WBC margination to be unaffected at Hct < 50 %, but considered a significantly different geometry than is found physiologically: a rectangular duct with a 300 x 0.3 mm cross-section. RBC aggregation has been observed to enhance WBC margination. Pearson & Lipowsky [17] found that enhancing RBC aggregation, via the addition of Dextran 500 as a proaggregating agent, increases WBC margination at shear rates below 450 s −1 . Abbitt & Nash [18] observed a similar result at a shear rate of 70 s −1 . Recently, Fay et al. [19] found that WBC margination is reduced ex vivo by exposure to glucocorticoids (e.g., dexamethasone) or catecholamines (e.g., epinephrine), which softens the WBC cytoskeleton. This result is consistent with simulations of binary suspensions of deformable capsules that show that stiff capsules marginate strongly in a suspension of primarily flexible capsules, with the margination decreasing as stiffness contrast decreases [20] [21] [22] .
WBC margination has also been investigated in several numerical studies [23] [24] [25] [26] . Most numerical studies suggest that WBC margination is efficient at intermediate values of Hct = 0.2-0.45 and at relatively low shear rates, characteristic of flow in venules. Freund [24] found no sensitivity of WBC margination to Hct for intermediate Hct = 0.22-0. 45 . Fedosov et al. [25] found a nonmonotonic dependence of WBC margination on Hct with a maximum at intermediate ranges of Hct = 0.25-0. 35 . Fedosov & Gompper [26] also found a similar result for with WBC margination having a maximum at Hct = 0.2-0.4. They also found WBC margination to be enhanced by RBC aggregation.
Margination of platelets has also been studied in many in vivo [5, 27] and in vitro [28] [29] [30] [31] [32] [33] experimental studies. Most studies have found that platelet margination increases with increasing hematocrit [28, 30, 32, 33] . Woldhuis et al. [27] found higher margination of platelets in arterioles than venules and suggested that these differences in platelet distribution between arterioles and venules are not caused by the presence of WBC margination in venules. Most studies have also found platelet margination to increase with increasing shear rate [27, 28, 30] . However, some studies have found a more complex dependency on shear rate [32] . This trend of increasing platelet margination with increasing shear rate is the opposite to that of WBCs, suggesting that RBC aggregation is not critical for platelet margination. However, the source of this difference remains unknown.
Platelet margination has also been investigated in computational studies [34] [35] [36] . AlMomani et al. [34] found platelet margination to increase with increasing Hct for Hct = 0.05-0.15. They showed platelet margination to be correlated to the difference between RBC and platelet size. Fitzgibbon et al. [33] found platelet margination to be higher at Hct = 0.2 than Hct = 0.1. Crowl & Fogelson [35] have found platelet margination to be higher at higher shear rates.
The aforementioned phenomena and results can be qualitatively described by two key mechanisms: shear-induced diffusion and wall-induced migration. Shear-induced diffusion has important consequences such as viscosity changes in sheared suspensions [37] , augmentation of heat and mass transfer [38] , and redistribution of inhomogeneities that balances migration in blood flows [9] .
Mainly, two phenomenological models have been used to explain shear-induced transport in monodisperse suspensions of rigid particles: the diffusive flux model and the suspension balance model. The diffusive flux model was introduced by Leighton & Acrivos [39] . In the diffusive flux model, flow-induced collisions between particles lead them to exhibit random displacements from their otherwise unperturbed trajectories, leading to a diffusive behavior.
Phillips et al. [40] then refined the diffusive flux model to describe shear-induced diffusion based on irreversible two-particle interactions between rigid spheres (e.g., rigid spheres with surface roughness). By scaling arguments they derived particle flux expressions due to two effects: spatially varying collision frequency and spatially varying viscosity. Recently, Kanehl and Stark [41] extended this model to bidisperse suspensions of rigid particles. They found the large particles to segregate toward the center of the channel in pressure-driven flow (i.e., toward the region of low shear). This result agrees with most studies [8, [42] [43] [44] of bidisperse suspensions in non-homogeneous shear flows, such as Poiseuille flow, in which the large particles are found to preferentially segregate in regions of low shear rate.
The second main phenomenological theory used to describe shear-induced transport is the suspension balance model. In this model mass and momentum conservation equations are written for the particulate and fluid phases [45] [46] [47] [48] . At steady state, for low Reynolds number, and in the absence of a body force, the ensemble-averaged drag force density on the particle, which is modeled analogously to the drag force density in sedimentation, is balanced by the ensemble-averaged divergence of the particle stress in the momentum conservation equation. This equation is solved for the mean particle velocity, which can then be used to obtain the mean particle flux relative to the mean suspension flow.
Both the diffusive flux model and the suspension balance model can qualitatively capture key effects observed in experiments such as the nonuniformity in the concentration of particles where the concentration is higher in regions of lower shear. However, the models have limitations. For example, in channel flows the particles reach maximum packing in regions of zero shear rate (where the viscosity diverges and the particle stress diverges in the diffusive flux model and suspension balance model, respectively), leading to displaying a sharp aphysical cusp in these regions [45, 47] . To overcome this limitation, nonlocal corrections to the stress based on the concept of suspension temperature, which represents a particlephase average of a fluctuational velocity [45] , and spatial averaging of the constitutive law of stress over a finite volume [46] have been proposed. In the present work, we show that including second order terms in shear rate that are quadratic in position also removes the above-mentioned aphysical cusp.
In suspensions of deformable particles such as drops and capsules, the particles undergo cross-stream motion due to particle migration away from the walls and interactions with other particles. Since the particles are deformable, they migrate away from the wall with velocity v m (y) [49, 50] . A deformable particle migrates even at zero Reynolds number in simple shear flow. If the velocity gradient is not constant, as in Poiseuille flow, a deformable particle undergoes migration even in the absence of hydrodynamic wall effects [51] .
Hudson [52] developed a model based on a drift-diffusion equation for describing migration and shear-induced diffusion in suspensions of drops. The cross-stream flux in the wall-normal direction (y) is
where φ is volume fraction, D g =γφa 2 f g is the gradient diffusivity, f g is a constant, andγ is the local shear rate. [38] , have also been used to study platelet transport over a thrombus [59, 60] .
The evolution of number densities in a suspension can be idealized by a kinetic master equation [61, 62] . Kumar We consider a dilute suspension containing N s types of deformable particles with total volume fraction φ undergoing flow in a slit bounded by no-slip walls at y = 0 and y = 2H
and unbounded in x and z. Quantities referring to a specific component α in the mixture will have subscript α: for example n α is the number density of component α. We consider here simple shear (plane Couette) and plane Poiseuille flows in the x direction and, consistent with the diluteness assumption, take the local shear rateγ to be independent of the local number densities. Number densities n α are assumed to be independent of x and z. In a dilute suspension of particles, where φ 1, the particle-particle interactions can be treated as a sequence of uncorrelated pair collisions [61, 62, 68] . For the moment, we neglect molecular diffusion of the particles. This issue is further addressed below. Since the particles are deformable, they migrate away from the wall during flow with velocity v αm (y) [49, 50] . Fig. 1(a) shows a schematic of the considered system (for Poiseuille flow): a multicomponent suspension of deformable particles in a slit. The evolution of the particle number density distributions can be idealized by a kinetic master equation that captures the migration and collision effects ( [21, 22, 56, 57, 62] ). Here we derive such an equation and, by making several approximations, refine it to arrive at simplified drift-diffusion models for simple shear flow [57] and Poiseuille flow.
Our starting point is the conservation equation
where t is time, y is position in the wall-normal direction, n α (y) is the number density of component α, and j α (y) is the flux of component α. Note that n α and j α are also functions of t, but for brevity we do not explicitly indicate this dependence. To obtain j α (y), we start by finding the collision flux, j 
where the sum is over all the types of deformable particles, N s . The innermost integral corresponds to the particles of component α located at position y , z that travel across the plane located at y when being displaced a distance ∆ αβ y (δ y , δ z ) by collisions with particles of component β located at position y − δ y , z − δ z ; the x-y plane projection of the described collision is shown in Fig. 1(b) . The rate of collisions for a particle of component α is given by n β v rel , where n β is the number fraction of component β and v rel is the relative velocity between the particles of components α and β as they approach each other for a pair collision.
We assume a unidirectional flow in the x direction, so v rel does not depend on z. Equivalent forms of Eq. 3 have been presented in studies of single-component suspensions [56, 61, 62, 68] .
By using this form of j c α (Eq. 3) in Eq. 2, we have the kinetic master equation, which is a nonlocal integrodifferential model that allows jumps [69] .
Since the number densities and v rel do not depend on z, we can perform the outermost integral in Eq. 3 (over δ z ) and obtain
where the symbol ' ' over j 
where A is the inner integral in Eq. 4:
Now we make the approximation that ∆ αβ y (δ y ) is only nonzero when δ y is small, by Taylor expanding A about δ y = 0:
where
We rewrite A as
Here F i (y, δ y ) and F i (y − ∆ αβ y (δ y ), δ y ) are the antiderivative of f i (y , δ y ) evaluated at y = y and y = y − ∆ αβ y (δ y ), where i = 1, 2, 3:
Now we make the additional approximation that ∆ αβ y is small, meaning that postcollisional displacements are small. We implement this approximation by carrying out a
Taylor expansion of A about ∆ αβ y = 0:
It is necessary to include the terms of O(δ 
where we have rewritten the relative velocity v rel (y) in terms of its odd and even parts:
. This decomposition aids in simplifying the derivation since integrals from −∞ to ∞ of odd integrands are zero. More details are presented when we discuss specific flows.
The third term in this expression is classical shear-induced diffusion. The second is drift due to "one-sided collisions": i.e. due to a higher collision frequency on one side of a particle of species α than the other due to a gradient in the number density of species β. The first and last are drift terms due to nonuniformities in the relative velocity that arise in the Poiseuille flow case. For single-component suspensions, terms with the same number-density dependence have been proposed on phenomenological grounds (e.g., [40, [45] [46] [47] ). Note that here however, the multicomponent case is considered and explicit forms for the coefficients in terms of the collisional displacements ∆ αβ y are given. The second key mechanism in the systems under consideration at low Reynolds number is wall-induced migration. We can incorporate wall-induced migration into the model by adding the migration flux
where v αm (y) is the wall-normal migration velocity of component α. As an approximation in the dilute limit, we describe the wall-induced hydrodynamic migration velocity of all particles of component α as that of a single particle of component α in a slit. To leading order, a deformable particle in flow near a wall can be described by a point dipole [49, 50] .
We superpose the point-force-dipole approximations corresponding to each of the two walls [55] :
This is a valid approximation for y/a α 1, where a α is the particle radius of species α; however, it has been shown to be a good approximation for y/a α 2 [55] . The parameter K αm depends linearly on the yy-component of the stresslet generated by the deformable particle [49, 50] . This in turn scales asγg(Ca α ), where g(Ca α ) is a function that depends on the capillary number Ca α of component α. The capillary number is a nondimensional group that characterizes particle deformability; for fluid-filled elastic capsules, a common model for cells, it is given by Ca α = µγa α /G α , where µ is the fluid viscosity and G α is the membrane shear modulus of component α. Additionally, K αm scales as a 4 α and also asγ 2 (or asγCa α ) at lowγ with this dependency becoming weaker asγ increases [22, 55, 70] . We further discuss migration below in the contexts of Couette and Poiseuille flow and conclude by noting that at finite concentration the particle-boundary hydrodynamic interaction that drives migration will be modified by the presence of other particles.
We can also incorporate molecular diffusion by adding the molecular diffusion flux
where D α is the Brownian diffusivity of component α. We discuss later the significance of this term for describing transport in blood flow.
To account for the fact that particle centers cannot come too close to the wall, we can also include a repulsive excluded volume force. We choose a simple model in which the force starts from zero at y = a α and increases quadratically as y decreases toward the wall. This force is then
where K αe is a constant and a α is the particle radius of component α. We take the drift velocity of the particle associated with this force to be (by Stokes' law)
where ζ α is the Stokes friction coefficient for component α. By multiplying this velocity by the number density of component α, we obtain the wall excluded volume flux
Finally, the total flux of component α is given by combining the fluxes j 
By putting the combined fluxes into Eq. 2, we arrive at a system of coupled drift-diffusion equations for the number densities n α :
Appropriate boundary conditions are no-flux conditions at the walls y = 0 and y = 2H.
In Sec. III, we present results in which symmetry across the centerline y = H is assumed, but this condition is not a requirement of the model. In general, the initial condition can consist of any number density profile that is integrable and nonnegative for all positions.
The mean number density of the concentration profile is defined asn α =
Analogously, the mean volume fraction of component α is defined
where φ α (y) is the volume fraction of component α.
B. Simple Shear Flow
In this section we consider simple shear flow (plane Couette flow with constant shear ratė γ). For this case the relative velocity between two particles that are approaching each other for a pair collision is
and thus
By substituting Eqs. 20-23 into Eq. 10, the collision flux becomes
The first and second terms inside the sum represent the collisional drift and shear-induced diffusivity, respectively. Here we assigned a cutoff radius r cut beyond which particle-particle interaction is assumed to be negligible. The parameters K αβc and K αβd are assumed to be independent of y. In simple shear whereγ is constant this will be a good approximation except perhaps when both particles are within a particle diameter or so from the wall, where the wall will affect the collision dynamics [56] . We remind the reader that the model was integrated over δ z (see Eq. 4) and therefore ∆ αp y (δ y ) has dimensions of length squared. The convergence of these integrals deserves mention. In the far field each particle appears as a force dipole, so in an unbounded domain the collisional displacements ∆ αβ y would decay as δ −2 y . Thus convergence of Eq. 26 is unproblematic irrespective of r cut . For convergence of Eq. 25, r cut must be bounded. An explicit bound is the slit width 2H. Furthermore, at any finite concentration the spacing between particles scales as n −1/3 where n is the total number density. A given particle will effectively only collide with other particles within this range, while particles outside this range would be more strongly affected by their nearer neighbors.
We focus now on the important special case of a binary suspension (N s = 2) composed of a "primary" component ('p') and a "trace" component ('t') such that n p n t . In this case, only β = 'p' in Eq. 24 contributes to the collision fluxes of both the primary and trace components. For simplicity we use the subscripts 'p' and α, where α is 'p' or 't'. The collision flux for such a system is
To describe wall-induced hydrodynamic migration, we employ the approach discussed in Sec. II A (Eq. 12) with the parameter K αm being a constant.
With these further idealizations, Eq. 18 reduces to a pair of partial differential equations, which we present here in nondimensional form
where α is 'p' for one of the two partial differential equations and 't' for the other. This pair of differential equations is the simplified drift-diffusion model for simple shear flow. Here φ α = n α V α is the volume fraction of component α, where V α is the volume per particle of
and S = a t /a p is the ratio between the particle radius of the trace component, a t , and the 
C. Poiseuille Flow
In this section, we consider plane Poiseuille flow. Here the shear rate vanishes at the centerline; this is an important difference from simple shear flow and requires careful treatment there. In particular, at the centerline the relative velocity v rel is quadratic in δ y rather than linear, leading to terms that are absent in the Couette flow case.
In Poiseuille flow the shear rate and relative velocity vary with position:
whereγ w is the wall shear rate, and 
We keep the expression sgn (H − y) for now even though our focus here is the bottom half of the domain (y < H).
Near the centerline (y = H) it is necessary to include the quadratic terms in δ y of Eqs. 35-38 since, as mentioned above, the shear rate vanishes at the centerline. This region is highlighted (shaded area) in Fig. 2 . positions, where a is the radius of the particle. with δ y (i.e., the term that is quadratic in δ y is the dominant one at the centerline). As y increases or decreases from y = H, moving away from the centerline, the shear rate increases and the term that is linear in δ y becomes dominant. As above we apply a cutoff radius r cut beyond which particle-particle interaction is negligible. The collision flux in the two regions is:
(a) away from the centerline (0 < r cut < 2|H − y|):
(b) near the centerline (r cut > 2|H − y|):
Notice that the last five terms of Eq. 40 vanish at the centerline.
This model is now rather complex and cumbersome. To proceed we will make a further approximation, neglecting the terms in Eq. 40 that vanish on the centerline. Then by combining Eq. 39 and the first two terms of Eq. 40 and by simplifying the result, we obtain
and h = 2 + sgn (y − H).
The primed parameters K αβc and K αβd are absent in the Couette flow case. All four parameters K αβc , K αβd , K αβc , and K αβd depend on the collision function ∆ αβ y , which in turn may depend on position via the local shear rate, because the particle deformations also depend on shear rate. However, prior work on pair collisions of elastic capsules [71] indicates that the collisional displacements are only weakly dependent on Ca except when Ca is very small. Furthermore, as noted above, the wall only plays a role for collisions that occur very close to the wall. Therefore, we take these parameters to be independent of position. Here our focus for the derivation of the model is the bottom half of the domain (y < H) -we will assume symmetry across the centerline -so we use h = 1 from this point forward.
The first term in Eq. 41 represents the collisional drift: the −K αβc ∂ ∂y (n β (y)γ(y)) n α (y) part appears in simple shear flow (Eq. 24) but the −K αβcγ As in the simple shear flow case, we consider the case of a binary suspension composed of a "primary" component ('p') and a "trace" ('t') component such that n p n t . We use the subscripts 'p' and α , where α is 'p' or 't'. The collision flux for this system is
To describe the wall-induced hydrodynamic migration velocity, we use Eq. 12 with K αm = K αwγ (y)
. Here K αw is the magnitude of the wall-induced migration velocity of component α and κ 1 is a nondimensional constant; they are both fitting parameters obtained from boundary integral simulations of a single capsule migrating away from the closest wall under plane Poiseuille flow in a slit for different values of Ca α (cf. [20, 22, 72] ). The above expression for K αm follows the scaling, mentioned earlier, of K αm asγCa α at low Ca α with this dependency becoming weaker as Ca α increases until K αm reaches a plateau. In Poiseuille flow we base Ca α on the wall shear rateγ w : Ca α = µγ w a α /G α .
If the velocity gradient is not constant as in Poiseuille flow, a deformable particle experiences migration even in the absence of confinement [51] . Chan & Leal [53] 
The parameter K αg is the magnitude of the shear gradient induced migration and is obtained from the same boundary integral simulations used for finding K αw and κ 1 .
Finally, for Poiseuille flow Eq. 18 reduces to a pair of partial differential equations, which we present here in nondimensional form
Here
, and
; the rest of the symbols in Eq. 49 are defined as in Sec. II B.
III. RESULTS

A. Simple Shear Flow
In this section we present results of the drift-diffusion model for simple shear flow (Eq. 28).
Some of these are presented in [57] and are repeated here for completeness. Unless otherwise noted, in this section we neglect molecular diffusion and the wall excluded volume effect: the former effect is negligible for sufficiently large particles as discussed below and the latter is negligible except at high volume fraction, a case we address in Section III C. An important feature of the pair of differential equations represented by Eq. 28 in the absence of these effects is that steady state solutions with no-flux boundary conditions at the wall (y = 0) and centerline (y = C) can be found analytically. For a given mean volume fractionφ p , we find that the volume fraction φ p (y) of the primary component satisfies
where η p = κpm κppc+2κ ppd , and l d is the nondimensional cell-free or depletion layer thickness. An implicit relation between l d andφ p is given bȳ
This will remain valid even in the presence of the wall-exclusion effect as long as l d is greater than the radius of the primary component. Note the simple linear dependence on η p : as long as 0 < l d < C, the only role of the collision and migration parameters is to scale the mean volume fraction. It is illuminating to rearrange this expression to yield
Observe that this result implies thatφ p C/η p is a function of l d /C (or vice versa), so given the single adjustable parameter η p , all results should fall onto a master curve when plotted in terms of these two quantities.
To assess this prediction, we fit η p to results from several sources. First we consider simple shear flow results from numerical simulations of pure suspensions of deformable capsules with Ca = 0.2 and 0.5 for C = 5.08 [22] , as shown in 4(a), and from a nonlocal (master equation) model for RBCs with Ca = 1 for C = 7 [56] , as shown in Fig. 4(b) . We also fit pressuredriven flow results from in vitro experiments with blood in small glass capillaries where the confinement ratio (in this case tube radius over RBC radius) is 7.15 [74] as shown in Fig. 4(c) .
The (tube) hematocrit Hct (i.e.,φ p ) in Fig. 4(c) is calculated from feed hematocrit Hct F using a correlation from Pries et al. [75] that captures the Fåhraeus effect -the reduction of (tube) hematocrit relative to feed hematocrit -for human and rat blood:
where D is the vessel diameter in µm.
The only fitting parameter in Figs. 4(a) in the rat cremaster muscle at normal arterial pressure and hematocrit (i.e.,φ p ) of 0.31 < Hct < 0.39 [76] , which is also calculated using Eq. 53. These results as well as the results . This means that independent of the form of our theory, the relationship betweenφ p and l d is set by only one adjustable parameter (η p ). Our specific results slightly overpredicts
In addition, l d → η p /φ p in the unconfined limit C → ∞, confirming the φ −1 dependence found earlier in scaling analyses [22, 52, 55, 56] . More generally, Eq. 51 analytically captures the dependence of the cell-free layer thickness on the volume fraction, degree of confinement, and particle properties. For completeness we note that an explicit expression for l d can be formulated in terms of the centerline volume fraction of the primary component, φ pc , rather thanφ p :
As C → ∞, φ pc →φ p .
The concentration profile for the primary component given by the closed-form solution (Eq. 50) is illustrated as the black solid curve in Fig. 5 . We plot this in the form φ p /φ p as a function of y. The bottom half of the channel 0 < y < C is shown -in this and all future profile plots we assume symmetry across the centerline. The solution is zero within the cell-free layer y < l d and increases with increasing y, reaching a maximum at nonlocal drift-diffusion approach that assumes that the collision function ∆ αβ y is small, but not short-ranged [22, 56] .
For the trace component, an analytical steady state solution can also be found: it is
where φ p (y) is the steady state solution for φ p found above, φ tc is the volume fraction of the trace component at the centerline, and
Remarkably, this single quantity, which we call the margination parameter, determines the qualitative nature of the concentration profile as we now describe.
The sign of M is determined by the competition between the ratio of the migration velocities of the two components, κtm κpm
, and the ratio of the collisional terms,
Depending on M, several distinct regimes of behavior can be identified:
(1) M > 1: the trace component is displaced further from the wall than the primary component: it demarginates. (2) 0 < M < 1: the relative concentration of the trace component is higher near the wall than the primary component but does not display a peak: it weakly marginates. This case is degenerate in the absence of Brownian diffusion, because at steady state φ t can take on arbitrary values when y < l d . In the case of shape segregation, Sinha and Graham [63] have used simulations of pair collisions and single-particle migration to estimate M via computation of the κ parameters in Eq. 56.
For particles the size of blood cells (> 1µm) at shear rates characteristic of the microcirculation (10 2 − 10 3 s −1 ), Brownian diffusion is unimportant -using typical values for the microcirculation, the Péclet number (Pe) is about 10 5 . For smaller particles, however, such as might be used for drug delivery, this may no longer be true. We consider the impact 
Steady state volume fraction profiles φ t (y)/φ t for κ tm = 0 (M < −1) and various D t .
Other parameters are the same as in Fig. 5 . Also, the solid lines show the transient evolution for of Brownian diffusion on trace component transport by adding the appropriately nondi- With molecular diffusion the steady solution for the trace component is
Molecular diffusion results in a spreading of φ t to include the region y < l d and also renders the steady solution for M ≤ −1 integrable. Fig. 6 shows the volume fraction of the trace component at the centerline φ tc normalized withφ t as a function of M for various D t . It shows that the drainage transition (i.e., the value of M at which there is a complete drainage of the trace component from the bulk) is smeared out by the addition of molecular diffusion.
Now consider the specific case in which the particles of the trace component are rigid (κ tm = 0). Fig. 7 shows how the steady state profile of φ t varies with D t : Margination is weakened by diffusion. This result is consistent with experimental [13] and numerical [77] studies in which nanoparticles, which experience a stronger molecular diffusion, showed a lower margination than microparticles. Fig. 7 also shows the transient evolution of φ t for D t = 1 × 10 −2 from a uniform initial condition as determined from a numerical simulation using a conservative finite volume method.
To evaluate the prediction of a drainage transition, we performed direct simulations of binary suspensions of fluid-filled non-Brownian elastic capsules at low Reynolds number using a boundary integral method. For more information about simulation methods and details consult [20, 22, 72] . Two cases were considered: segregation by (a) deformability Considering case (b) first, the migration parameter κ tm scales as S 3 at constant Ca t , so as S decreases so does M; recall that M < −1 for κ tm = 0. With regard to case (a), κ tm also decreases with decreasing F, and additionally the collisional displacements and thus κ tpc and κ tpd increase [20] . Therefore, decreasing F also corresponds to decreasing M, resulting in a drainage transition.
Returning to the theory, using the values in the caption of Fig. 5 and Eq. 56, we can determine the value of S corresponding to the drainage transition by finding M as S is varied. This result is shown in Fig. 9 , where we use κ tm ∼ S 4 (black solid line) and κ tm ∼ S Fig. 11 shows that the primary component also exhibits a peak close to the cell-free layer, which our local theory is not able to capture. As noted above, in
Couette flow this peak is captured by the nonlocal theory presented by Kumar et al. [22] .
Steady-state solutions for the trace component (Eq. 49) are shown as the solid lines in 
As its name suggests, M w is simply M (Eq. 56) evaluated at the wall. The contribution of the shear gradient to migration is neglected in this characterization as it is assumed to be small compared to the wall-induced migration near the wall. Near the wall, the solution of the trace is qualitatively similar to that in the simple shear flow case; near the centerline we also find a peak like that exhibited by the primary component. The same qualitative margination regimes are also observed:
(1) M w > 1: the trace demarginates.
(2) 0 < M w < 1: the trace weakly marginates. The (small) effect of molecular diffusion of the trace component is also shown in Fig. 12 .
As in simple shear flow, we predict a complete drainage of the trace from the bulk. This is shown in Fig. 13 where the steady state value of φ tc normalized withφ t is plotted against As in the simple shear flow case, φ tc decreases with decreasing F, and a complete drainage of the trace from the bulk is observed at F ≈ 0.2, supporting the prediction by the theory. effect and predictions by the theory that support the hypothesis. See Fig. 16 for a schematic for reference as we describe the hypothesis. We present three regimes for the effect of Hct: term allows the trace component to be. Accordingly, margination is strongly suppressed at highφ p , confirming the hypothesis we posed above. Interestingly, although the height of the near-wall peak in φ t is nonmonotonic inφ p , the peak at the centerline is monotonically increasing withφ p .
Finally, we note that in the present model, nothing prevents the volume fraction from exceeding a maximum value. For example the centerline value of φ p is unrealistically large at ≈ 0.9 whenφ p = 0.3. Future developments of this model will need to incorporate the physical phenomena of volume exclusion and increase in viscosity as the volume fraction becomes large. In plane Poiseuille flow analytical solutions are not available so numerical solutions are found. Cell-free layer behavior and margination regimes are found to be qualitatively similar to those in the simple shear case. A drainage transition is also observed but is shifted to a more negative value of the margination parameter. Direct simulations also corroborate the existence of a drainage transition. Moreover, the time for development of the steady-state profiles has been examined. Power law scaling is observed only for positive values of the margination parameter. Furthermore, a hypothesis has been presented to describe the effect of hematocrit on margination in blood flow as observed in some prior studies. Results from the theory support the hypothesis.
The framework presented here can be extended in many directions. For example, suspensions of three components can be studied, which would be more akin to blood in microfluidic and circulatory applications, where the three components could be red blood cells, white blood cells, and platelets. A case in which the values of n t and n p are comparable can also be studied by using the fully coupled version of Eq. 18 in which the pair collisions with particles of component α are also considered. The model can be extended phenomenologically to include many other phenomena, including finite volume fraction effects and platelet adhesion.
For example, red blood cell aggregation can be included by adding the flux associated with a volume-fraction-dependent potential with a minimum in volume fraction. Effects of increasing volume fraction can be modeled by incorporating a volume-fraction-dependent viscosity and solving the momentum equation along with the drift-diffusion equations to capture the interaction between velocity profile and volume fraction distribution. Furthermore, the same potential that can be used to model aggregation can be used to model excluded volume between cells by making the potential diverge as a maximum volume fraction is approached.
Platelet adhesion can be incorporated by adding the flux corresponding to an attractive potential at the wall. Most importantly, the theory provides substantial insights into the mechanisms of margination and flow-induced segregation phenomena.
